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Definitions and key facts for section 3.1

Deriving the definition of the 3 x 3 determinant requires algebra of the following form:

ai;p a2 ais ail a2 ai3 ail a2 ais
A= a2 ax am| ~ |a1a21 aiia an1a | ~ 0 a11022 — @12021 11023 — 413421
azi1 asz ass a11a31 11032 11033 0 11032 — @12a31 Q11033 — 413431
ail ai2 a13
~ 0 aniaz2 — arsao a11023 — A13G21
0 0 a11(a11a22a33 + ai12a23a31 + A13021032 — 411023032 — 412021033 — a13a22a31)

Notice the (3,3) entry is the product of a1; and det A.

Let A = [ai;] be an n x n matrix. We define the determinant of A, written det A or |A], as follows:
n=1: det A = det [a] = a.

n = 2: Define A;; to be the (n — 1) x (n — 1) matrix obtained by deleting the ith row and jth column of A,
then

det A = ay; det Ayy — ajpdet Ayg + ajgdet Ajg — - + (=1)"ay, det Ay,

n

(—1)1+ja1j det Alj
1

J

Given A = [aij], the (i,7)- cofactor of A is the number
Ci‘ = (—1)i+j det Aij.

The cofactor expansion across the ith row of A is

n
Z aijCij = anCi + ai2Ciz + -+ - + ainCin
=1

while the cofactor expansion down the jth column of A is

n
Z aijCij = alelj + angQj + -+ ananj
i=1

Fact: The determinant of an n X n matrix A can be computed by a cofactor expansion across any row or
down any column.

Fact: If A is a triangular matrix, then det A is the product of the entries on the main diagonal of A.



